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The stability related measure ￿1I(w) is computationally tractable,
as it can be shown that
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wherexi(A(w))andyi(A(w))aretherightandreciprocallefteigen-
vectors related to the ￿i(A(w)), respectively, ￿ denotes the conjugate
operation and Re[￿] the real part. Similar to (10), an estimate of B
min
s
can be provided with ￿1I(w) by
^ B
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s1I = Bi +I n t[ ￿log2 (￿1I(w))] ￿ 1: (23)
Provided that the conditions of Proposition 2 and Corollary 1 are met,
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s0 , however, ^ B
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s1I can be com-
puted easily.
An existing stability related measure, which is also computationally
tractable, is defined as [3]
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An estimate of B
min
s is provided with ￿1(w) by
^ B
min
s1 = Bi +I n t[ ￿log2 (￿1(w))] ￿ 1: (26)
The key difference between ￿1I(w) and ￿1(w) is that the former
considers the sensitivity of j￿i(A(w))j while the latter considers the
sensitivity of ￿i(A(w)). It is well known that the stability of a linear
discrete-time system depends only on the moduli of its eigenvalues. As
￿1(w) includes the unnecessary eigenvalue arguments in considera-
tion, it is reasonable to believe that ￿1(w) is conservative in compar-
ison with ￿1I(w). This can strictly be verified. Noting
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one has
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which means that ￿i(w) ￿ ￿i(w). We conclude that ￿1(w) ￿
￿1I(w) and ^ B
min
s1 ￿ ^ B
min
s1I . Notice that ￿1I(w) is also superior in this
sense than another measure based on a 2-norm [2] called ￿2(w), since
it has been shown that under the similar conditions ￿2(w) ￿ ￿1(w)
[3].
IV. OPTIMIZATION PROCEDURE
As different realizations w yield different values of ￿1I(w),i ti so f
practical importance to find a wopt that maximizes ￿1I(w), since the
controller implemented with wopt can tolerate a maximum FWL error.
This optimal realization problem is formally defined as
￿
￿ =m a x
w2S
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Given w0, 8i 2f 1; ...;m+ ng, partition xi(A(w0)) and
yi(A(w0))
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m. It is easily seen from (5) that
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From (17)–(21), we have
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Define the following cost function:
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￿ = min
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Theoptimalrealizationproblem(29)canthenbeposedasthefollowing
optimization problem:
￿
￿ = max f(T): (39)
Although f(T) is nonsmooth and nonconvex, efficient global op-
timization methods exist for solving for this kind of optimization
problem. The adaptive simulated annealing (ASA) [8] is such an
algorithm and is adopted in this study to search for a true global
optimum Topt of the problem (39). With Topt, we can obtain the
optimal realization wopt.
An alternative optimal realization problem is based on the complex
stability radius measure [7]. Space limitation precludes a comparison
with this alternative approach. A detailed study on the pole-sensitivity
and complex stability radius measure approaches for finite-precision
digital controller realizations can be found in [13].IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 46, NO. 7, JULY 2001 1165
V. AN ILLUSTRATIVE EXAMPLE
A numerical example is used to illustrate the design procedure
and verify the theoretical results given in Section III. The plant
model used is a modification of the plant studied in [2] which was a
single-input–single-output (SISO) system. We have added one more
output that is the first state in the original plant model. The state-space
model of this modified plant is given by (40), shown at the bottom of
the page. The closed-loop poles as given in [2] were used in design,
and the designed reduced-order observer-based controller obtained
using a standard design procedure [12] had the form
F0 =
01
￿9:3303e ￿ 01 1:9319e+0 0
G0 =
4:1814e ￿ 02 2:7132e+0 2
3:9090e￿ 02 1:0167e +0 3
J0 =[3 :0000e￿ 04 5:0000e￿ 04]
M0 =[0 6 :1250e ￿ 01]
H0 =
7:8047e+0 1
7:3849e+0 1
:
With this initial controller realization w0, the corresponding transi-
tion matrixA(w0) wasformed using (5),from whichthe polesand the
eigenvectors of the ideal closed-loop system were computed. The op-
timization problem (39) was then formed with T 2R
2￿2. The ASA
algorithm was used to find a Topt, which was
Topt =
1:4714e+0 1 3 :2071e+0 1
1:3588e+0 1 3 :0531e+0 1
:
From Topt, the corresponding optimal controller realization wopt was
determined
Fopt =
9:8677e￿ 01 1:4943e￿ 02
￿2:9047e￿ 02 9:4511e￿ 01
Gopt =
1:7066e ￿ 03 ￿1:8080e+0 3
5:2084e ￿ 04 8:3794e+0 2
Jopt =[1 :1208e￿ 02 2:4887e￿ 02]
Mopt =[0 6 :1250e￿ 01]
Hopt =
1:0691e +0 0
1:9430e +0 0
:
For the initial and optimal controller realizations, the true minimal bit
lengths B
min
s that can guarantee the closed-loop stability were also
determined using a computer simulation method. Table I compares the
values of the two stability related measures, corresponding estimated
TABLE I
COMPARISON OF THE TWO STABILITY RELATED MEASURES,C ORRESPONDING
ESTIMATED MINIMUM BIT LENGTHS AND TRUE MINIMUM BIT LENGTHS FOR
THE TWO REDUCED-ORDER OBSERVER-BASED CONTROLLER REALIZATIONS
Fig. 2. Comparison of unit impulse response for the infinite-precision
controller implementation w with those for the two 22-bit implemented
controller realizations w and w .
Fig. 3. Comparison of unit impulse response for the infinite-precision
controller implementation w with those for the two 21-bit implemented
controller realizations w and w .
minimum bit lengths and true minimum bit lengths for the initial and
optimal controller realizations. The results clearly show that the new
measure ￿1I is much less conservative than the existing measure ￿1 in
estimating the true minimum bit length.
A =
3:2439e ￿ 01 ￿4:5451e+0 0 ￿4:0535e+0 0 ￿2:7003e￿ 03 0
1:4518e ￿ 01 4:9477e￿ 01 ￿4:6945e￿ 01 ￿3:1274e￿ 04 0
1:6814e ￿ 02 1:6491e￿ 01 9:6681e￿ 01 ￿2:2114e￿ 05 0
1:1889e ￿ 03 1:8209e￿ 02 1:9829e￿ 01 1:0000e+0 0 0
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; C =
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